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BAYESIAN NEURAL NETWORKS: A TUTORIAL

STRUCTURE

▸ Motivation 

▸ Intro to Bayesian Inference 

▸ Approximate Inference 

▸ Variational Inference 

▸ Laplace Approximations 

▸ MCMC 

▸ Loss-Geometry Inspired Methods (our work)
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MOTIVATION
4

From: “Making an Invisibility Cloak: Real World Adversarial Attacks on Object Detectors,” 
Wu, Lim, Davis, Goldstein, https://arxiv.org/pdf/1910.14667.pdf
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DEEP LEARNING SUCCESS
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UNCERTAINTY IN DEEP LEARNING 
Automated diagnosis: human-in-the-loop 
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"Benchmarking Bayesian Deep Learning with Diabetic Retinopathy Diagnosis" by Angelos Filos et al. 
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CALIBRATION
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"Benchmarking Bayesian Deep Learning with Diabetic Retinopathy Diagnosis" by Angelos Filos et al. 
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CALIBRATION

8

healthy

healthy

healthy

healthy

healthy

confidence prediction correct



‣               should represent probabilities of belonging to a class 

‣ Neural networks are often over-confident in their predictions
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UNCERTAINTY: OVERCONFIDENCE IN NEURAL NETWORKS
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EXPECTED CALIBRATION ERROR (ECE)
ECE is the expected difference between model’s confidence and its 
accuracy 
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"On Calibration of Modern Neural Networks" by Chuan Guo, Geoff Pleiss, Yu Sun and Kilian Q. 
Weinberger

confidence confidence



BAYESIAN INFERENCE: 
A QUICK REVIEW 
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https://www.britannica.com/biography/Thomas-Bayes
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BAYESIAN INFERENCE

▸ Likelihood 

▸ Prior 

▸ Possibly implicit to the training method 

▸ Posterior 

▸ Inference (Bayesian model averaging)
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Consider a simple linear regression problem: 

BAYESIAN NEURAL NETWORKS: A TUTORIAL

BAYESIAN MACHINE LEARNING
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BAYESIAN MACHINE LEARNING
Standard linear regression: 
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BAYESIAN MACHINE LEARNING
Standard linear regression: 
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We want to model uncertainty over parameters of the model
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BAYESIAN LEARNING
Step 1: introduce a prior distribution           over parameters 
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Step 2: Compute posterior                 using Bayes rule 
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BAYESIAN LEARNING
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BAYESIAN LEARNING: POSTERIOR CONTRACTION (1)
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BAYESIAN LEARNING: POSTERIOR CONTRACTION (2)
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BAYESIAN LEARNING: POSTERIOR CONTRACTION (3)
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What happens if we have more parameters than data points???

Will revisit these results later….

Maddox, Benton, & Wilson, in preparation



‣ We combine aleatoric and epistemic uncertainties via BMA: 

‣ Ignoring the uncertainty in the posterior over       leads to overconfident 
predictions
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BAYESIAN MODEL AVERAGING

21



Epistemic uncertainty is our 
uncertainty over the model 

‣ Grows with     because 
uncertainty in      is multiplied by  

Aleatoric uncertainty is our 
uncertainty over the data for a 
fixed model, e.g. noise.

BAYESIAN NEURAL NETWORKS: A TUTORIAL

BAYESIAN LEARNING: TWO TYPES OF UNCERTAINTY
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BAYESIAN LEARNING: BAYESIAN MODEL AVERAGING
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Epistemic uncertainty: non-linear model 
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BAYESIAN LEARNING: TWO TYPES OF UNCERTAINTY
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epistemic
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BAYESIAN DEEP LEARNING
‣ In Bayesian deep learning we model posterior distribution over the 

weights of neural networks 

‣ In theory, leads to better predictions and well-calibrated uncertainty 
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"Weight Uncertainty in Neural Networks" by Charles Blundell, Julien Cornebise, Koray Kavukcuoglu, 
Daan Wierstra

Standard DNN Bayesian DNN



Bayesian inference for deep neural networks is extremely challenging 

‣ Posterior is intractable 

‣ Millions of parameters 

‣ Large datasets 

‣ Unclear which priors to use

BAYESIAN NEURAL NETWORKS: A TUTORIAL

BAYESIAN DEEP LEARNING: CHALLENGES
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BAYESIAN DEEP LEARNING: CHALLENGES

27

Is the likelihood correct?

What do these parameters mean?

Is the prior correct?

Can we run MCMC for 1 million steps on ImageNet??
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‣ Posterior is intractable  
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BAYESIAN DEEP LEARNING: CHALLENGES
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Is the likelihood correct?

What do these parameters mean?

Is the prior correct?

Can we run MCMC for 1 million steps on ImageNet??

Probably

Care about functions instead

We don’t need to

Probably



Bayesian inference for deep neural networks is extremely challenging 

‣ Posterior is intractable  
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BAYESIAN DEEP LEARNING: CHALLENGES
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Is the likelihood correct?

What do these parameters mean?

Is the prior correct?

Can we run MCMC for 1 million steps on ImageNet??

Probably

Care about functions instead

We don’t need to

Probably



APPROXIMATE INFERENCE

30

http://www.understandingrelationships.com/wp-content/uploads/Fotolia_70137791_Subscription_Monthly_M.jpg



Posterior Approximation: 

‣ Laplace Approximation 

‣ Variational Inference 

‣ Markov Chain Monte Carlo 

‣ Geometrically Inspired Methods 

BAYESIAN NEURAL NETWORKS: A TUTORIAL

HOW CAN WE DO APPROXIMATE BAYESIAN INFERENCE?

31

There’s no one best method - use the method best adapted to the problem



Approximate posterior with a Gaussian  

‣                            mode (local maximum) of   

‣   

‣ Only captures a single mode

BAYESIAN NEURAL NETWORKS: A TUTORIAL

LAPLACE APPROXIMATION

32
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LAPLACE APPROXIMATION

33

‣ Is a single mode a 
bad thing?



Approximate posterior with a Gaussian  

‣                            mode (local maximum) of   

‣   

‣ Only captures a single mode
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LAPLACE APPROXIMATION

34

‣ Is a single mode a 
bad thing?



Approximate posterior with a Gaussian  

‣                            mode (local maximum) of   

‣  Approximate A with a KFAC (tri-diagonal) — Ritter et al., 2018a 

‣ Application: Catastrophic forgetting  

‣ Originally from Mackay, ‘92

BAYESIAN NEURAL NETWORKS: A TUTORIAL

LAPLACE APPROXIMATION: DEEP LEARNING
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(Ritter et al, 2018b)



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ If                          ,  then  

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE

X



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ Stochastic variational inference (Hoffman et al, ’13, Kucelkibir, et al, ’17, Graves, 2011) 

‣ Minimizing the KL divergence is “consistent” statistically (Wang & Blei, ’19) & 
optimal in other settings (Knoblauch, et al, ’19) 

‣ Can somewhat evaluate if it works (Yao, et al, ’18)
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VARIATIONAL INFERENCE

36
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Traditionally…



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ Other bounds exist… 

‣ Chi-Square (Dieng, et al, ’17), F-divergences (Wang, et al, ’17), Perturbative divergences 
(Bamler et al, ’17), VPNG (Tang & Ranganath, ’19) 

‣ Better approximation distributions…. 

‣ Matrix-variate Gaussians (Louizos, et al, ’16), Normalizing flows (Louizos, et al, ’17), 
Bayes by Backprop (Blundell, et al, 16) 

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE: DEEP LEARNING (2)

X



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ Other bounds exist… 

‣ Renyi-divergences (Li & Turner, ’16), robust divergences (Futami, et al, ’17), operator 
divergences (Ranganath, et al, 16), etc… 

‣ Better approximation distributions…. 

‣ Implicit distributions (Tran, Ranganath, Blei, ’17), GANs (Huszar, ’17), boosting (Miller et 
al, ’17), smoothed dropout (Gal, et al, ’17), etc….

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE: DEEP LEARNING (3)

X



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ Dropout at test time (Gal & Ghahramani, ’15, Gal & Ghahramani, ’16, Gal, ’16, Gal & Li, ’17) 

‣ D 

‣ KL un-defined so it’s actually minimizing a quasi-KL divergence… 
(Hron et al, ’18)

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE: DEEP LEARNING
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q(w) = Bernoulli(p)N (µi,�)
<latexit sha1_base64="SNkRqsiJKmKXzbM/AMG9DPmuse4="></latexit>



‣ Applications of dropout 

‣ Segmentation for autonomous driving(Kendall & Gal ’17) 

‣ Segementation for clinical applications

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE: DROPOUT

38

From Kendall & Gal

From Filios et al, 2019



We can find the best approximating distribution within a given family with 
respect to KL-divergence 

‣     

‣ Variational interpretations of stochastic optimization…. 

‣ Early stopping (Duvenaud, et al, ’16) 

‣ Constant SGD (Mandt, Hoffman, Blei, ’17) [more later] 

‣ Adam (Khan et al, ’18, Osawa et al, ’19) 

‣ Natural Gradient descent (Zhang et al, ’18, Bae et al, 19) 

‣ MCMC (Hoffman & Ma, ’19)

BAYESIAN NEURAL NETWORKS: A TUTORIAL

VARIATIONAL INFERENCE: DEEP LEARNING (6)

X
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MARKOV CHAIN MONTE CARLO
We can produce samples from the exact posterior by defining specific 
Markov Chains

39

MCMC samples

‣ Software packages:  

‣ Stan, PyMC4, Pyro 

‣ Langevin dynamics (SGLD) (Neal ’93, 
Welling & Teh, ’11) 

‣ Hamiltonian dynamics 

‣ Neal, ’95, ’96 

‣ Stochastic version - Chen et al, ‘14
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CYCLIC SGMCMC (ZHANG ET AL, ICLR 2020)

‣ Run stochastic Hamiltonian Monte 
Carlo with a cyclic learning rate

X

Converges faster to the posterior than standard SGHMC in terms of Wasserstein distance

https://github.com/ruqizhang/csgmcmc



LOSS SURFACES AND 
APPROXIMATE INFERENCE

40



BAYESIAN NEURAL NETWORKS: A TUTORIAL

BASED OFF OF 

▸ “A Simple Baseline for Bayesian Uncertainty in Deep 
Learning,” Maddox, Garipov, Izmailov, Vetrov, Wilson, 
https://arxiv.org/abs/1902.02476, NeurIPS, 2019 

▸ Code: https://github.com/wjmaddox/swa_gaussian 

▸ “Subspace Inference for Bayesian Deep Learning,” 
Izmailov, Maddox, Kirichenko, Garipov, Vetrov, Wilson, 
https://arxiv.org/abs/1907.07504, UAI, 2019.  

▸ Code: https://github.com/wjmaddox/drbayes
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https://arxiv.org/abs/1902.02476
https://github.com/wjmaddox/swa_gaussian
https://arxiv.org/abs/1907.07504
https://github.com/wjmaddox/drbayes


‣ Better approximate Bayesian Inference 

                                           , so understanding loss surfaces is crucial for 
approximate Bayesian inference 
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LOSS SURFACES: WHY DO WE CARE?

42

Visualizations created by Javier Ideami 
More great visualizations available at https://losslandscape.com/ 

https://losslandscape.com/
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SGD AS APPROXIMATE BAYESIAN INFERENCE - MANDT, ET AL, JMLR, ’17

▸ SGD with isotropic noise follows the 
shape of the posterior  

▸ Assumptions of analysis don’t quite 
hold for DNNs 

▸ But… we can use the same idea to 
approximate the posterior for DNNs

43
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STOCHASTIC WEIGHT AVERAGING GAUSSIAN (SWAG)- MADDOX ET AL, NEURIPS, ’19
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https://github.com/wjmaddox/swa_gaussian
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SWAG
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https://github.com/wjmaddox/swa_gaussian
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SWAG
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https://github.com/wjmaddox/swa_gaussian
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SWAG - EMPIRICAL MOTIVATION
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SWAG - CALIBRATION
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SWAG - BAYESIAN MODEL AVERAGING
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SWAG - OUT OF SAMPLE DETECTION
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SUBSPACE INFERENCE FOR BAYESIAN DEEP LEARNING - IZMAILOV, ET AL, UAI, ‘19

▸ Remember this plot?

51

https://github.com/wjmaddox/drbayes



BAYESIAN NEURAL NETWORKS: A TUTORIAL

SUBSPACE INFERENCE

‣ SGD trajectory happens in a very 
small subspace 

‣ Summarize the information from 
the trajectory in very low 
dimensions 

‣ Also seen in Gur-Ari, et al, ‘19

52
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BAYESIAN NEURAL NETWORKS: A TUTORIAL

SUBSPACE INFERENCE

▸ A modular approach 

▸ Design subspace 

▸ Approximate posterior over parameters in that 
subspace 

▸ Sample from approximate posterior for bayesian model 
averaging

53

We can approximate posterior of 36 million dimensional WideResNet
in 5D subspace and get state-of-the-art results!



BAYESIAN NEURAL NETWORKS: A TUTORIAL

POSTERIOR CONTRACTION (REVISITED)

54

▸ If N >> p, can we even learn interesting distributions in p 
dimensions?



BAYESIAN NEURAL NETWORKS: A TUTORIAL

POSTERIOR CONTRACTION (REVISITED)

▸ If N >> p, can we even learn interesting distributions in p 
dimensions?

55

Probably not



BAYESIAN NEURAL NETWORKS: A TUTORIAL

CREATING THE SUBSPACE
▸ Choose shift      and basis vectors 

▸ Define subspace 

▸ Likelihood

56

ŵ

ŵ + v1

ŵ + v2

S

ŵ + Pz

ŵ
<latexit sha1_base64="5EYuyqHS/t4WgrggkKqS2+6dUe0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGwBY/M</latexit>

{d1, · · · , dK}
<latexit sha1_base64="nyN+nmKzNr1N0gwIjFJ665PysA4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSKuiy6EZwU8G2QhPCZDJph05mwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeEKaNKO863VVpaXlldK69XNja3tnfs3b2OEpnEpI0FE/I+RIowyklbU83IfSoJSkJGuuHwauJ3H4hUVPA7PUqJn6A+pzHFSBspsA+8PArcGvRwJLSqwSi48caBXXXqzhRwkbgFqYICrcD+8iKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPUI4Sovx8ev0YHhslgrGQpriGU/X3RI4SpUZJaDoTpAdq3puI/3m9TMcXfk55mmnC8WxRnDGoBZxEASMqCdZsZAjCkppbIR4gibA2gVVMCO78y4uk06i7p/XG7Vm1eVnEUQaH4AicABecgya4Bi3QBhg8gmfwCt6sJ+vFerc+Zq0lq5jZB39gff4A5+mUOg==</latexit>

S = {w|w = ŵ + d1z1 + · · · dKzK}
<latexit sha1_base64="NiefroSZGmJSC4gIc5UJXHXSlmY="></latexit>

Pz
<latexit sha1_base64="2QGt3sGIBClfg6VUjiSLyy+0cmw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRqih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd1596pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvbso167zOApwDCdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD4kSjVw=</latexit>

{ <latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

p(D|z) = pM(D|w = ŵ + Pz)1/T
<latexit sha1_base64="F2NwGS5+xx0mXqnSLm44D9FmiGI="></latexit>



BAYESIAN NEURAL NETWORKS: A TUTORIAL

CREATING THE SUBSPACE
▸ Choose shift      and basis vectors 

▸ Define subspace 

▸ Likelihood

57

ŵ

ŵ + v1

ŵ + v2

S

ŵ + Pz

ŵ
<latexit sha1_base64="5EYuyqHS/t4WgrggkKqS2+6dUe0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGwBY/M</latexit>

{d1, · · · , dK}
<latexit sha1_base64="nyN+nmKzNr1N0gwIjFJ665PysA4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSKuiy6EZwU8G2QhPCZDJph05mwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeEKaNKO863VVpaXlldK69XNja3tnfs3b2OEpnEpI0FE/I+RIowyklbU83IfSoJSkJGuuHwauJ3H4hUVPA7PUqJn6A+pzHFSBspsA+8PArcGvRwJLSqwSi48caBXXXqzhRwkbgFqYICrcD+8iKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPUI4Sovx8ev0YHhslgrGQpriGU/X3RI4SpUZJaDoTpAdq3puI/3m9TMcXfk55mmnC8WxRnDGoBZxEASMqCdZsZAjCkppbIR4gibA2gVVMCO78y4uk06i7p/XG7Vm1eVnEUQaH4AicABecgya4Bi3QBhg8gmfwCt6sJ+vFerc+Zq0lq5jZB39gff4A5+mUOg==</latexit>

S = {w|w = ŵ + d1z1 + · · · dKzK}
<latexit sha1_base64="NiefroSZGmJSC4gIc5UJXHXSlmY="></latexit>

Pz
<latexit sha1_base64="2QGt3sGIBClfg6VUjiSLyy+0cmw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRqih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd1596pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvbso167zOApwDCdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD4kSjVw=</latexit>

{ <latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

p(D|z) = pM(D|w = ŵ + Pz)1/T
<latexit sha1_base64="F2NwGS5+xx0mXqnSLm44D9FmiGI="></latexit>

T>>1: to increase prior 
dependency & reduce 
effect of likelihood 



BAYESIAN NEURAL NETWORKS: A TUTORIAL

INFERENCE IN THE SUBSPACE
▸ Approximate inference over parameters 

▸ MCMC, VI, Normalizing Flows, … 

▸ Bayesian model averaging at test time 

▸

58

p(D⇤|D) =
1

J

JX

j=1

pM(D⇤|w = ŵ + P z̃j), z̃j ⇠ q(z̃|D)

<latexit sha1_base64="PpuCSdvUoyL1MBok5Xlt3V5dE+I="></latexit>

ŵ

ŵ + v1

ŵ + v2

S

ŵ + Pz



BAYESIAN NEURAL NETWORKS: A TUTORIAL

WHICH SUBSPACE? (RANDOM SUBSPACE)

▸ Random directions:  

▸ Use pre-trained solution as shift  

▸ Subspace

59

d1, · · · , dK ⇠ N (0, IK)
<latexit sha1_base64="0T7+plKnsSWO66JezQEj35fOCOo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VooZSkCrosulEKUsE+oAlhMpm0QycPZiZCCf0GN/6KGxeKuHXlzr9x0mahrQcuHM65l3vvcWNGhTSMb62wsrq2vlHcLG1t7+zu6fsHXRElHJMOjljE+y4ShNGQdCSVjPRjTlDgMtJzx1eZ33sgXNAovJeTmNgBGobUpxhJJTl61XPMGrSwF0lRg57TgpagAbQCJEcYsfR2WjFq8MZpVR29bNSNGeAyMXNSBjnajv5leRFOAhJKzJAQA9OIpZ0iLilmZFqyEkFihMdoSAaKhiggwk5nL03hiVI86EdcVSjhTP09kaJAiEngqs7sVLHoZeJ/3iCR/oWd0jBOJAnxfJGfMCgjmOUDPcoJlmyiCMKcqlshHiGOsFQpllQI5uLLy6TbqJun9cbdWbl5mcdRBEfgGFSACc5BE1yDNugADB7BM3gFb9qT9qK9ax/z1oKWzxyCP9A+fwCG6pt9</latexit>

ŵ
<latexit sha1_base64="5EYuyqHS/t4WgrggkKqS2+6dUe0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGwBY/M</latexit>

S = {w|w = ŵ + Pz}
<latexit sha1_base64="m8B+Bp8rAa0ggw7guIqP4cyBAJQ=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIglCSKuhGKLpxWdFeoAllMp20QyeTMDOx1JiNG1/FjQtF3PoO7nwbJ20W2vrDwMd/zuHM+b2IUaks69uYm19YXFourBRX19Y3Ns2t7YYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0vcFlVm/eESFpyG/VKCJugHqc+hQjpa2OuXcDz6GTDOEDHGbURyoZpvAI1u6dtGOWrLI1FpwFO4cSyFXrmF9ON8RxQLjCDEnZtq1IuQkSimJG0qITSxIhPEA90tbIUUCkm4yvSOGBdrrQD4V+XMGx+3siQYGUo8DTnQFSfTldy8z/au1Y+WduQnkUK8LxZJEfM6hCmEUCu1QQrNhIA8KC6r9C3EcCYaWDK+oQ7OmTZ6FRKdvH5cr1Sal6kcdRALtgHxwCG5yCKrgCNVAHGDyCZ/AK3own48V4Nz4mrXNGPrMD/sj4/AF9IJar</latexit>



BAYESIAN NEURAL NETWORKS: A TUTORIAL

WHICH SUBSPACE? (PCA OF THE SGD TRAJECTORY)

▸ Run SGD with high constant learning rate from a pre-trained solution 

▸ Collect snapshots of weights 

▸ Use SWA solution as shift 

▸                        — first      PCA components of vectors

60

wi
<latexit sha1_base64="d5r3R4fNqjZ+NgFKtDwFlIs4j3k=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dueUcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1TT/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTohp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2hD8BZfXibNasU7r1TvLsq16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNkc6L8+58zFtXnHzmCP7A+fwBXoqN1Q==</latexit>

ŵ =
1

T

TX

i=1

wi

<latexit sha1_base64="xy7TM9VpvjPkEIkvvtdbiYvxKPo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVZIq6MJCwY3LCn1BE8NkOmmHziRhZmIpIX/gxl9x40IRt27d+TdO2yy09cCFwzn3cu89fsyoVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDP1Ow9ESBqFTTWJicvRIKQBxUhpyTNPnSFS6TiDNegEAuHUztJmBh2ZcC+lNTu7b8KxRz2zbFWsGeAysXNSBjkanvnl9COccBIqzJCUPduKlZsioShmJCs5iSQxwiM0ID1NQ8SJdNPZPxk80UofBpHQFSo4U39PpIhLOeG+7uRIDeWiNxX/83qJCq7clIZxokiI54uChEEVwWk4sE8FwYpNNEFYUH0rxEOkY1E6wpIOwV58eZm0qxX7vFK9uyjXr/M4iuAIHIMzYINLUAe3oAFaAINH8AxewZvxZLwY78bHvLVg5DOH4A+Mzx9G+Jwn</latexit>

{d1, · · · , dK}
<latexit sha1_base64="kbIQPIKagrItY6bxogc2dWFkMAM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1KSKujCRcGN4KaCbYUmhMlk0g6dzISZiVBD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCVNGlXacb6u0tLyyulZer2xsbm3v2Lt7HSUyiUkbCybkfYgUYZSTtqaakftUEpSEjHTD4dXE7z4Qqajgd3qUEj9BfU5jipE2UmAfeHkUuDXo4UhoVYNRcOONA7vq1J0p4CJxC1IFBVqB/eVFAmcJ4RozpFTPdVLt50hqihkZV7xMkRThIeqTnqEcJUT5+fT6MTw2SgRjIU1xDafq74kcJUqNktB0JkgP1Lw3Ef/zepmOL/yc8jTThOPZojhjUAs4iQJGVBKs2cgQhCU1t0I8QBJhbQKrmBDc+ZcXSadRd0/rjduzavOyiKMMDsEROAEuOAdNcA1aoA0weATP4BW8WU/Wi/VufcxaS1Yxsw/+wPr8AeYblDQ=</latexit>

K
<latexit sha1_base64="KN/h+xR92LpVR25be5Vbx5rheps=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwEawScB8QHKEvc1csmZv79jdE0LIL7CxUMTWn2Tnv3GTXKGJDwYe780wMy9IBNfGdb+d3Nr6xuZWfruws7u3f1A8PGrqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ781tPqDSP5YMZJ+hHdCB5yBk1Vqrf94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5kfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY16XOFzIixJZQpbm8lbEgVZcZmU7AheMsvr5JmpexdlCv1y1L1JosjDydwCufgwRVU4Q5q0AAGCM/wCm/Oo/PivDsfi9ack80cwx84nz+hhYzN</latexit> ŵ � wi

<latexit sha1_base64="tt2HZExAPPw/ElIKdoLm5CNs8gc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT14CHjxGME8IFnC7GQ2GTL7cKY3ISz5Di8eFPHqx3jzb5wke9DEgoaiqpvuLi+WQqNtf1u5tfWNza38dmFnd2//oHh41NBRohivs0hGquVRzaUIeR0FSt6KFaeBJ3nTG97N/OaIKy2i8BEnMXcD2g+FLxhFI7mdAcV0PCUXZNwV3WLJLttzkFXiZKQEGWrd4lenF7Ek4CEySbVuO3aMbkoVCib5tNBJNI8pG9I+bxsa0oBrN50fPSVnRukRP1KmQiRz9fdESgOtJ4FnOgOKA73szcT/vHaC/o2bijBOkIdsschPJMGIzBIgPaE4QzkxhDIlzK2EDaiiDE1OBROCs/zyKmlUys5lufJwVareZnHk4QRO4RwcuIYq3EMN6sDgCZ7hFd6skfVivVsfi9aclc0cwx9Ynz8qEpGu</latexit>
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WHICH SUBSPACE? (CURVES — GARIPOV ET AL, ’18)

▸ Garipov et al, ’18 proposed a method to find 2D 
subspaces containing a path of low loss between weights 
of two independently trained neural networks

61

argmin
✓

Et⇠U(0,1)(L(�✓(t)))
<latexit sha1_base64="SAmUIOB4WpRT6pjJvi+YGYoaq9w="></latexit>

�✓(t) = (1� t)2ŵ1 + 2t(1� t)✓ + t2ŵ2
2

<latexit sha1_base64="Ck2SLqmrc1qdSRje3oICxVZxCPs="></latexit>



BAYESIAN NEURAL NETWORKS: A TUTORIAL

WHICH SUBSPACE? (CURVES — GARIPOV ET AL, ’18)

▸ Garipov et al, ’18 proposed a method to find 2D 
subspaces containing a path of low loss between weights 
of two independently trained neural networks

62



BAYESIAN NEURAL NETWORKS: A TUTORIAL

RESULTS (PRERESNET164, CIFAR100)

63

Curves: chaining ind. models (Garipov, et al, ’18)PCA of the SGD trajectory



BAYESIAN NEURAL NETWORKS: A TUTORIAL

RESULTS - REGRESSION

64
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ESS, Random Subspace
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ESS, PCA Subspace
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ESS, Curve Subspace

Gold standard on 
regression tasks



CONCLUSION

65

From https://losslandscape.com/videos/



Bayesian inference for deep neural networks is extremely challenging 

‣ Posterior is intractable  

‣ Millions of parameters 

‣ Large datasets  

‣ Unclear which priors to use
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Is the likelihood correct?

What do these parameters mean?

Is the prior correct?

Can we run MCMC for 1 million steps on ImageNet??

Probably

Care about functions instead

We don’t need to

Probably
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▸ But it doesn’t mean we shouldn’t try…
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Again from Kendall & Gal, “What Uncertainties do we need for bayesian deep learning for computer vision?”
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BAYESIAN DEEP LEARNING: PRIOR CHOICE

▸ Typically use a iid Gaussian prior 

▸ Choices may not be adversarial… 

▸ But also not fantastic… 
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N (0,↵2I)
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Figure 10g of Wilson & Izmailov ‘20

Figure 7 of Wenzel et al, ’20 https://arxiv.org/pdf/2002.02405.pdf

https://arxiv.org/pdf/2002.08791.pdf

↵ = 1
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Method Accuracy Calibration Train time Test time Code

Ensembles 
(Lakshminarayanan 

 et al, ’17)

high Often more 
overconfident

K times 
standard 
training

K times 
slower

Train K 
models

Swag  
(Maddox et al, ’19)

Slightly 
better than 

MAP

Less 
overconfident

Standard 
training

K times 
slower

Store models 
at train time

Dropout  
(Gal & Gharamani, ’16)

About the 
same as MAP

Slightly less 
overconfident

Standard 
training

K times 
slower

Apply 
dropout at 
test time

VOGN  
(Osawa et al, ’19)

Slightly 
worse than 

MAP?*

Less 
overconfident

2x standard 
training

K times 
slower Modify Adam
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Method Accuracy Calibration Train time Test time Code

Ensembles 
(Lakshminarayanan 

 et al, ’17)

high Often more 
overconfident

K times 
standard 
training

K times 
slower

Train K 
models

Swag  
(Maddox et al, ’19)

Slightly 
better than 

MAP

Less 
overconfident

Standard 
training

K times 
slower

Store models 
at train time

Dropout  
(Gal & Gharamani, ’16)

About the 
same as MAP

Slightly less 
overconfident

Standard 
training

K times 
slower

Apply 
dropout at 
test time

VOGN 
(Osawa et al, ’19)

Slightly 
worse than 

MAP?*

Less 
overconfident

2x standard 
training

K times 
slower Modify Adam

*: see figure 4, table 1 of Osawa et al, ’19 (https://arxiv.org/pdf/1906.02506.pdf)

https://arxiv.org/pdf/1906.02506.pdf


QUESTIONS?

Slides at https://wjmaddox.github.io/assets/BNN_tutorial_CILVR.pdf
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